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Functional Analysis

1. Show that the vector space of all polynomials on [0,1], is not a Banach space under

any norm.

Proof. Since a Banach space can’t have a denumerable Hamel basis and pn(t) = tn

for t ∈ [0, 1], n ∈ N ∪ {0} forms a Hamel basis for the vector space P [0, 1] of all

polynomials on [0, 1], P [0, 1] is not a Banach space under any norm.

2. Let H be a complex Hilbert space. Let x1, . . . , xk be a set of orthonormal vectors.

For any x ∈ H, and complex numbers z1, . . . , zk, show that

‖x−
k∑
j=1

zjxj‖ ≥ ‖x−
k∑
j=1

〈x, xj〉xj‖

Proof. By the fact that every orthonormal set in a Hilbert space can be extended to

an orthonormal basis, we can extend the orthonormal set {x1, . . . , xk} to orthonormal

basis {uα} (it may happen that {uα} is an uncountable set). But we know that the

set Ex = {uα : 〈x, uα〉 6= 0} is a countable set. Say Ex = {u1, u2, . . .} and by using

the Fourier expansion for x ∈ H, we can write

x =
∞∑
n=1

〈x, un〉un.

Observe that

x−
k∑
j=1

zjxj =
∞∑
n=1

〈x, un〉un −
k∑
j=1

zjxj

=
∑
un 6=xj

〈x, un〉un +
k∑
j=1

〈x, xj〉xj −
k∑
j=1

zjxj

=
∑
un 6=xj

〈x, un〉un +
k∑
j=1

[〈x, xj〉 − zj]xj. (1)
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Here we would like to note that a scalar 〈x, xk〉 may be equal to zero, but then it will

not effect the summand. Further,

x−
k∑
j=1

〈x, xj〉xj =
∑
un 6=xj

〈x, un〉un. (2)

From equations (1) and (2), we have

‖x−
k∑
j=1

zjxj‖2 =
∑
un 6=xj

|〈x, un〉|2 +
k∑
j=1

|〈x, xj〉 − zj|2, (3)

and

‖x−
k∑
j=1

〈x, xj〉xj‖2 =
∑
un 6=xj

|〈x, un〉|2. (4)

Thus equations (3) and (4) yield the following:

‖x−
k∑
j=1

zjxj‖ ≥ ‖x−
k∑
j=1

〈x, xj〉xj‖.

3. Let X be a normed linear space and let T : X → X be a linear map such that xn → 0

implies, T (xn)n≥1 is bounded. Show that T is continuous.

Proof. Suppose if possible T is not a continuous map. Then T is not bounded on

U(0; 1
n
) = {x ∈ X : ‖x‖ < 1

n
} for each n ∈ N. Then for each n ∈ N there exists

xn ∈ U(0; 1
n
) such that ‖Txn‖ > n. Since ‖xn‖ < 1

n
for each n ∈ N, xn → 0, and

we have already noted that T (xn)n≥1 is not bounded as ‖Txn‖ > n for each n ∈ N.

Thus we arrive at a contradiction. Hence T is continuous.

4. Let {Xn}n≥1 be a sequence of Banach spaces. Let

Y = {{xn}n≥1 : xn ∈ Xn and lim
n→∞

‖xn‖Xn = 0}.

Show that Y is a Banach space with the norm

‖{xn}n≥1‖Y = sup{‖xn‖Xn : n ∈ N}.
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Proof. We will check only the condition that every Cauchy sequence in Y is a con-

vergent sequence, remaining conditions of a Banach space can be checked very easily.

Assume that {xm}m≥1 is a Cauchy sequence in Y , where for each m ∈ N, xm =

{xmn }n≥1. Then by the definition of the Cauchy sequence given ε > 0 there exists

` ∈ N such that

‖xm − xk‖Y < ε for all m, k ≥ `

⇒ sup
n≥1
‖xmn − xkn‖Xn < ε for all m, k ≥ ` (5)

⇒ ‖xmn − xkn‖Xn < ε for all m, k ≥ `, n ∈ N.

Thus {xmn }m≥1 is a Cauchy sequence in the Banach space Xn for each n ∈ N. So

there exists xn ∈ Xn for each n ∈ N such that ‖xmn − xn‖Xn → 0 as m→∞ for each

n ≥ 1. Now fix m and taking k →∞ in equation (5), we have

sup
n≥1
‖xmn − xn‖Xn < ε for all m ≥ `. (6)

Our next claim is to show that {xn}n≥1 ∈ Y . For that purpose we need to prove that

lim
n→∞

‖xn‖Xn = 0. Since x` ∈ Y, lim
n→∞

‖x`n‖Xn = 0. Then there exists n0 ∈ N such that

‖x`n‖Xn < ε for all n ≥ n0. Observe that

‖xn‖Xn − ‖x`n‖Xn ≤ ‖x`n − xn‖Xn < ε (from equation (6))

⇒ ‖xn‖Xn − ‖x`n‖Xn < ε

⇒ ‖xn‖Xn < ‖x`n‖Xn + ε

⇒ ‖xn‖Xn < ε+ ε for all n ≥ n0.

Thus lim
n→∞

‖xn‖Xn = 0. Hence from equation (6) the Cauchy sequence {xm}m≥1 in Y

converges to the element {xn}n≥1 ∈ Y .

5. Let Y be as in question 4. Let x∗n ∈ X∗n be a sequence such that
∞∑
n=1

‖x∗n‖ < ∞.

Define T : Y → R by T ({xn}n≥1) =
∞∑
n=1

x∗n(xn). Show that T is well-defined, linear

map. Show that ‖T‖ =
∞∑
n=1

‖x∗n‖.
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Proof. First we prove T is well-defined, for that we need to show the series
∑∞

n=1 x
∗
n(xn)

converges in R. This follows from the following argument:

|
∞∑
n=1

x∗n(xn)| ≤
∞∑
n=1

|x∗n(xn)|

≤
∞∑
n=1

‖x∗n‖‖(xn)‖Xn

≤ sup{‖xn‖Xn : n ∈ N}
∞∑
n=1

‖x∗n‖

= ‖{xn}n≥1‖Y
∞∑
n=1

‖x∗n‖ <∞. (7)

Since x∗n is a linear map for each n ∈ N, T is also a linear map. In equation (7), we

have already shown that T is bounded and

‖T‖ ≤
∞∑
n=1

‖x∗n‖.

Next we prove the above inequality in other way. We know that ‖x∗n‖ = sup
‖y‖Xn≤1

|x∗n(y)|,

so given ε > 0, there exists yn ∈ Xn with ‖yn‖Xn ≤ 1 for each n ∈ N such that

‖x∗n‖ −
ε

2n
< |x∗n(yn)|.

Define zn =
x∗n(yn)

|x∗n(yn)|
yn if |x∗n(yn)| 6= 0, otherwise zn = 0. Then ‖zn‖Xn ≤ 1 for each

n ∈ N. Further define xm = {z1, z2, . . . , zm, 0, 0, . . .} for each m ∈ N. Clearly xm ∈ Y
and ‖xm‖Y ≤ 1 for each m ∈ N. Now for each m ∈ N

T (xm) =
m∑
n=1

x∗n(zn) =
m∑
n=1

|x∗n(yn)| >
m∑
n=1

‖x∗n‖ −
m∑
n=1

ε

2n
.

Since ‖xm‖Y ≤ 1, T (xm) = |T (xm)| ≤ ‖T‖. Then above equation yields
m∑
n=1

‖x∗n‖ −
m∑
n=1

ε

2n
< ‖T‖

for each m ∈ N. Taking m→∞, we have
∞∑
n=1

‖x∗n‖ − ε ≤ ‖T‖.

Since ε > 0 is arbitrary, we have
∞∑
n=1

‖x∗n‖ ≤ ‖T‖. Thus ‖T‖ =
∞∑
n=1

‖x∗n‖.
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6. Consider the Hilbert space, `2 = {{αn}n≥1 :
∞∑
n=1

|αn|2 < ∞}. Let f : `2 → C be a

linear map, that is not continous. Show that ker f is a dense subspace of `2.

Proof. Since f : `2 → C is not continuous, f is not bounded for U(0; 1
n
) = {x ∈ `2 :

‖x‖2` < 1
n
} for each n ∈ N. So there exists xn ∈ U(0; 1

n
) such that |f(xn)| > n for

each n ∈ N. Note that xn → 0 and |f(xn)| → ∞ as n → ∞. Let x ∈ `2. Define

yn = x − f(x)

f(xn)
xn for each n ∈ N. Then using the linearity of f we can see that

yn ∈ ker f for each n ∈ N. Since xn → 0 and |f(xn)| → ∞ as n → ∞, yn → x as

n → ∞. Therefore x ∈ ker f and which implies ker f = `2. Hence ker f is a dense

subspace of `2.

7. Let {fn}n≥1 ⊂ L1[0, 1] be such that
∫ 1

0
|fn|dλ → 0. Show that ∃ a subsequence

{fnk
}k≥1 of {fn}n≥1 such that fnk

→ 0 a.e..

Proof. We denote [0, 1] by X. Let ε > 0. For each n ∈ N let En = {x ∈ X :

|fn(x)| ≥ ε}, and note that each En is a measurable set of finite measure. Now, since

εχEn ≤ |fn| holds for each n, it follows that, εµ(En) ≤
∫ 1

0
|fn|dµ also holds for each n.

Thus, limn→∞ µ(En) = 0 (i.e., fn convergences in measure to the zero function and

denoted by fn
µ−→ 0). Since fn

µ−→ 0 , we can find n1 < n2 < . . . such that

µ{x ∈ X : |fn(x)| ≥ 1

k
} < 1

2k
, ∀n ≥ nk.

Define Fk = {x ∈ X : |fnk
(x)| ≥ 1

k
} and Hm =

⋃∞
k=m Fk. Then we have

µ(Fk) <
1

2k
and µ(Hm) ≤

∞∑
k=m

µ(Fk) <
∞∑
k=m

1

2k
=

1

2m−1
.

Further define

Y =
∞⋂
m=1

Hm.

Then µ(Y ) ≤ µ(Hm) <
1

2m−1
for every m ≥ 1, so we have µ(Y ) = 0. If x /∈ Y , then

x /∈ Hm for some m. Hence x /∈ Fk for all k ≥ m, which implies

|fnk
(x)| < 1

k
, ∀k ≥ m.
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Thus fnk
(x)→ 0 for all x /∈ Y . Since Y has measure zero, we therefore have pointwise

convergence of fnk
to 0 almost everywhere.

8. Show that the space of continuous functions with compact support on R is not a

Banach space w.r.t. the supremum norm.

Proof. For each n ∈ N define the function

gn(x) =



0 if −∞ < x ≤ −n,

x+ n if − n ≤ x ≤ −n+ 1,

1 if − n+ 1 ≤ x ≤ n− 1,

−x+ n if n− 1 ≤ x ≤ n,

0 if n ≤ x <∞.

Then gn ∈ Cc(R) for each n ∈ N. Take f(x) = e−x
2
, x ∈ R. Note that fgn ∈ Cc(R)

for all n ∈ N and ‖fgn − f‖∞ → 0 but f /∈ Cc(R). So Cc(R) is not a Banach space

w.r.t. the supremum norm.
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